08.128.165 Theorie 6a, Relativistische Quantenfeldtheorie
Quantum Field Theory I

Felix Yu and Prisco Lo Chiatto

Homework set 4

Due November 23, 2022 by the start of lecture.
Please note how long it took you to solve each problem.

4-1, 20 pts. Practice with Dirac algebra (part 2). Using the properties that {v*,4”} = 2¢g*” and
{7*,7°} = 0, as well as the fact that the trace of any number of v matrices obeys

cyclicity,

Tr[y"y"...9%] = Tr[y"...979"], (1)
evaluate the following Dirac trace identities (the trace is performed over the spin
indices).

A, 4 pts. Tr[yHy"] =49,

B, 8 pts. Tr[y!y"7Py7] = 4(g" 9”7 — g"Pg"" + g"7g"?) ,

C, 4 pts. Tr[yHiyH2 . yH2n-145] = (0 | (trace of an odd number of matrices with v°)
D, 4 pts. [7“17“2 .yHm=1] = 0 . (trace of an odd number of gamma matrices)

The two relations (C) and (D) are valid for any integer n > 1.

4-2, 10 pts. Practice with Dirac algebra (part 3). The charge conjugate matrix C' has the proper-
ties Cy#C~! = (—y")T and C7°C~' =47 Show that

A, 5 pts. Tr[y#4"~5] =0
B7 5 pts Tr[f}/.u‘lf}//JZ .. 7#2%] — Tr[fyuany,Manl .. /‘Yul:l

4-3, 35 pts. Any complex 4 x 4 matrix M can be decomposed into Dirac basis, which are the 16
matrices T4 € {144, 75, 7", ¥"7°, 0"}, with p,v = 0,1,2,3 and g < v. Thus we can
write the expansion as

. 1 7
M = alyxs + bivs + ey + dpyf'ys + ieuya” , (2)

with complex numbers a, ..., e,,. (We use a % factor on the last term since the sum
is not restricted to p < v.)



A, 20 pts. Define an associate set of 16 basis matrices with lower indices by

I'p € {14><47 — Y5, Yo, —Va V55 O'aﬁ} s (3)

for a, 8 = 0,1,2,3 with a < 8. Knowing the traces of different combinations
of matrices, show that Tr[['AT' 5] = 464 for any choices of A and B. Extract
expressions for the coefficients a, . .. , e, in terms of traces of M with the matrices
of the associated basis I'g. You can use the identity Tr[y Yy Py7y5] = —4iel”?7.

B, 15 pts. Using the above result, decompose the product M = v7+~° into the Dirac basis.
4-4, 35 pts. Fierz identities. Let us consider products of bilinears, (i1 Musg)(usNwuy), where M

and N are arbitrary 4 x 4 matrices and u; are arbitrary, 4-component Dirac spinors.
We can rewrite the bilinear product

(Z_LlMug) (ﬂgN’LL4) = Z Cg (ﬂerU4) (I_L:J,FBUQ) (4)
AB

where 'y and I'P are the 16 matrices of the Dirac basis and the associated basis in

5-3A.

A, 15 pts. Using the completeness of the 16 basis matrices, show that the coefficients Cg
are given by

1
ch = 6 Te[[AMTpN] . (5)
Hint: You can use the identity:
1 A L B
Lijlu = 1 (Ta)y (T )k;j =1 (T7);, Ty (6)

where 4, j, k, [ are 4-component spinor indices running from 1 to 4 and 1 = 1444
is the 4 x 4 identity matrix, so 1;; = d;;. Given the above identity, you should
calculate the quantity M;; Ny where the indices correspond to given entries in
the matrices M and N. To get started, write M;; Ny, = M;;1,;1y N, and use
the identity above on the 1,1, terms. To complete the problem, you will have
the decompose M and N as sums over the basis matrices. Aside: the identity
relation is the full “completeness” relation that is referenced above. In partic-
ular, the identity relation shows that the T4 and T'g matrices form a bilinear,
orthogonal basis; the only complication compared to normal vector spaces is that
we do not have an inner product that gives 1 or 0, but instead we have a matrix
multiplication that gives 4 X 4 matrices that are 14x4 or 0. This is the same
intuition from general SU(2) matrices and the Pauli matrices as a basis.

B, 10 pts. Work out the Fierz identity for

(@7 (1 — 5 )uz) (d37(1 — 75 )ua) - (7)
C, 10 pts. Work out the Fierz identity for
(a1 (1 = 5 )uz) (Usyu(1 + v5)ua) - (8)



